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Adaptive Remeshing for Convective Heat Transfer with
Variable Fluid Properties

Dominique Pelletier,* Florin Ilinca,t and Jean-Francois Hetuf
Ecole Poly technique de Montreal, Montreal, Quebec H3C 3A7, Canada

This article presents an adaptive finite element method based on remeshing to solve incompressible viscous
flow problems for which fluid properties present a strong temperature dependence. Solutions are obtained in
primitive variables using a highly accurate finite element approximation on unstructured grids. Two general
purpose error estimators are presented, which take into account the temperature dependence of fluid properties.
The methodology is applied to a problem of practical interest: the thermal convection of corn syrup in an
enclosure with localized heating. Predictions are in good agreement with experimental measurements. The
method leads to improved accuracy and reliability of finite element predictions.

Nomenclature
cp = specific heat
e = error
g = gravity vector
h — element size
k = thermal conductivity
n = outward unit vector
Pr = Prandtl number
p = pressure
q = heat flux vector
Ra = Rayleigh number
T = temperature
u = velocity vector
v, s, w = test functions
ft = volume expansion coefficient
3 = element size for new mesh
17 = relative error
ju, = viscosity
p = density
T = stress tensor

Subscripts
av = average
h = finite element solution
0 = reference value
d, B = boundary

Introduction

M OST real life computational fluid dynamics (CFD) sim-
ulations of concern are characterized by the extreme

nature of the geometry or values of the flow parameters: high
aspect ratios, high Reynolds numbers for isothermal prob-
lems, or high Rayleigh numbers for free convection. Problems
vary greatly in their respective placement in fluid flow pa-
rameters: turbulent flows are characterized by large spatial
variations of the effective viscosity; thermal processing of oils
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and other foods are characterized by a strong nonlinear de-
pendence of fluid properties on temperature (viscosity may
vary by as much as three orders of magnitude). Finally, ma-
terials having vastly different physical properties are often
juxtaposed, leading to the appearance of quasisingularities.

Such problems place special demands on the solution al-
gorithm. The technique must be robust and provide solutions
for a wide range of parameters. Furthermore, in many cases
it is difficult to determine a priori where the mesh must be
refined in order to accurately capture the physics of the prob-
lems. This article presents an adaptive finite element method
capable of tackling these difficulties.

Adaptive finite element methods provide a powerful ap-
proach for tackling such complex CFD problems because grid
points can be automatically clustered in regions of rapid so-
lution variation to improve accuracy. Furthermore, the adap-
tive process is cost effective in the sense that the best nu-
merical solution is often obtained at the least computational
cost. Such approaches thus provide flexibility in modeling and
algorithm development and can, at least in theory, provide
quantitative measures of the accuracy of the solutions com-
puted. The ability of the methodology to produce uniformly
accurate solutions makes it possible to obtain "numerically
exact solutions" (grid independent) to the equations of mo-
tion, so that mathematical models of the physical phenome-
non of interest can be evaluated with confidence.

Initial breakthroughs in adaptive methods were achieved
in aerodynamics because of the pressing need for accurate
computations of shock waves.1 However, little work has been
done for incompressible flows, and even less for convective
heat transfer problems. Proof of concept computations were
reported in Refs. 2 and 3. In Refs. 4-8 the methodology
proposed by the authors was quantitatively validated by solv-
ing flows with known analytical solution and by computing
cases for which experimental measurements were available.
Cases treated covered isothermal laminar flows, heat transfer
by free convection, conjugate heat transfer, and turbulent free
shear flows. This article presents a rigorous extension of the
authors' methodology to heat transfer problems with variable
fluid properties. Taking into account the thermal dependence
of the fluid properties is critical to successful predictions in
such diverse applications as flows of oils and fuels,9 food
processing, thermal convection in the Earth mantle,10"12 me-
teorology, and astrophysics, to name a few.

Chu and Hickox12 have presented very interesting experi-
mental and computational results for the convection of corn
syrup in a cavity with localized heating from below as a means
of studying the correlation between convection in the mantle
and the movement of tectonic plates. Their experimental study
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included cases for which the viscosity varied by as much as
three orders of magnitude. Under these conditions creeping
flow exists in some regions of the domain, whereas a highly
convective regime is found elsewhere. It is the simultaneous
presence of such extremes in flow regimes that motivates the
present study.

This article is organized as follows: first the equations of
motion and the nonlinear finite element solver are reviewed.
The methodology section describes two error estimators and
the adaptive remeshing strategy. The method is then applied
to thermal convection in an enclosure with localized heating
from below for which experimental data are available. This
article closes with conclusions.

Modeling of the Problem
Equations of Motion

The flow is modeled by the Navier-Stokes, continuity, and
energy equations with the Boussinesq approximation

PU-VU = -Vp + v-r + Pg/3(r - r())
V-u = 0

pcpu-VT = V-q

where r is defined by r = u[Vu + (Vw)T], and q = kVT is
the heat flux and /i, cp, and k are all functions of temperature.
Appropriate boundary conditions complete the statement of
the problem.

Finite Element Solver
The variational equations solved by the finite element method

are obtained by multiplying the above equations by appro-
priate test functions and integrating over the domain of in-
terest. Application of the divergence theorem to the momen-
tum and temperature diffusion terms leads to the following
weak form:

(pu-Vu, v) + a(u, v) — (p, V - v )

- (pgfiT, v) = -(pgj370, v) + <?, v>

(s, V - M ) = 0

(pCM-MT, w) + d(T, w) = (qR, w)

where

(/, 8) = ln fg '

a(u, v) = r(u):hi

d(r, w) = q(T)-Vwdtl

and the boundary terms are given by

{?, v) = (r-n - pn)-v ds + \ i-v ds
JftKWi Jfl/cnr,-

(qB, w) = \ q-nwds + qBw ds
J<->K\V(I J<iKr\r(/

These variational equations are solved by a standard Gal-
erkin method using the seven-node triangular element that
uses an enriched quadratic velocity field, a quadratic tem-
perature, and a linear discontinuous pressure approxima-
tion.4-7 An augmented Lagrangian algorithm is used to treat

the incompressibility.13 Finally, the temperature dependence
of the viscosity, specific heat, and conductivity introduces
strong nonlinearities that are treated with Newton's method.

Adaptive Methodology
The basic idea behind adaptive methods is to assess the

quality of an initial solution obtained on a coarse mesh by
using some form of error estimation, and to modify the mesh
in a systematic fashion so as to improve the overall quality of
the solution. In this work adaptive remeshing has been re-
tained because it provides control of element size and grading
to accurately resolve flow features such as shear and thermal
layers. In this method the problem is first solved on a coarse
grid to roughly capture the physics of the flow. The resulting
solution is then analyzed to determine where more grid points
are needed, and an improved mesh is generated. The problem
is solved again on the new mesh using the solution obtained
on the coarser mesh as an initial guess. This process is re-
peated until the required level of accuracy is achieved. Note
that alternative adaptive methods could also be used.13-4-1415

Remeshing also offers an elegant and simple approach to use
the best proven finite element approximations in an adaptive
context.13-16

Error Estimation
Projection Error Estimator

This technique was first introduced in Ref. 17 and is based
on the observation that the derivatives (stresses, heat flux) of
the finite element solution are discontinuous across element
faces while the exact derivatives are continuous. The differ-
ence between the two is a measure of accuracy of the nu-
merical solution. However, the exact solution is not known
in cases of practical interest, but an approximation to the true
derivatives can be obtained by a least-squares projection of
the finite element derivatives:

= o

where

!>„(*„)„

is the projection of the finite element (FEM) stresses r into
the space of the velocity interpolation functions.

This least-squares projection approach is also used to obtain
a continuous approximation for the pressure and heat fluxes.
The velocity, pressure, and temperature contributions to the
error are then given by

e" = T — T

= p

eT = q - q

where the "~" denotes the result from the least-squares pro-
jection.

The combined norm of the velocity, pressure, and tem-
perature fields and their errors are computed using the fol-
lowing expressions:

\\(u,p,T)\\ = {\\u\\i + \\p\\f, + || TUT2

\\(e«, e", e*)\\ = {\\e-\\i + \\e»K + Ikl2}"2
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where the individual norms are defined as

dft, -eTdtl

This is the so-called natural norm induced by the variational
formulation of the problem, which includes variations of the
fluid properties. This ensures that mesh refinement will occur
in regions where the heat flux and shear stress variations are
significant. It will avoid over-refinement in cases where tem-
perature and velocity may have steep gradient, but fluid prop-
erties that are small enough that the heat flux and stress show
little variation.

It should be noted that in the present approach fluxes are
projected rather than derivatives, as is suggested in Ref. 17.
This approach ensures that the error estimator is well-behaved
in cases where physical properties are different in adjacent
regions of the domain. The conjugate heat transfer case treated
here involves heat conduction through copper and Plexiglas®
that have conductivities that differ by several orders of mag-
nitude.

Local Variational Problem for the Error
This approach provides an estimate of the error without

having to solve the global least-squares problems required by
the previous estimator. Variational equations for the velocity,
pressure, and temperature errors can be derived directly from
the Navier-Stokes equations5-18'20:

a(eu, v) - (e'\ V - v ) + (pgfieT, v) = -a(u, v)

+ (-puh-Vuh - pgp(Th - 7U, v) + (ph, V - v )

+ ([r-n - phn]A, v)3K,r. + <?, v)^nr/

(5, V-e") = (5, V-uh)

d(eT, w) = (-pcpuh-VTlt, w) - d(Th, w) + (qB,

The terms in parentheses on the right side represent the
element residuals, a measure of the accuracy of the finite
element solution inside an element. The terms in brackets are
the average momentum and heat fluxes across element faces.
Velocity and temperature errors are approximated with three
quartic bubble functions associated to the midside nodes of
the triangle. The pressure error is approximated with an ap-
propriate bubble function. This results in small 10 by 10 sys-
tems of equations that are inexpensive to solve. The norms
of the errors are computed as in the previous section.

Adaptive Remeshing
There remains one key issue to discuss: how to exploit the

knowledge of the error distribution to design a better mesh.

u=v=0, 6=0 ty

u =0
v =0

u =0

ex=o

The adaptive remeshing strategy is straightforward and fol-
lows that proposed in Refs. 1, 4, and 5, and proceeds as
follows:

1 - Generate an initial mesh
2 - Compute the finite element solution
3 - Compute error estimate
4 - if (global error < tolerance) then

- stop
else

- compute grid density from error estimate
- generate an improved mesh according to grid

density
- interpolate current solution on new mesh

- goto 2
end if

The success of the adaptive strategy depends entirely on
the adequate determination of the grid density function. It
must ensure that smaller elements are generated in regions
of large errors, and bigger triangles will be created where the
mesh is too fine. An expression for the new element size 8
may be derived from its current dimension h by invoking the
principle of equidistribution of the error and combining it to
the asymptotic rate of convergence of the finite element dis-
cretization. This leads to

where 77, is a target value of the relative error, n the number
of elements in the mesh, and k equals 2 for the quadratic
element used here. See Refs. 4, 5, and 7 for details. This
distribution of element size is then used as the grid function
in the advancing front mesh generator in order to generate
an improved mesh.

Application
This section presents an application of the proposed adap-

tive remeshing methodology to the configuration studied by
Chu and Hickox,12 who considered free convection of corn
syrup in an enclosure with localized heating from below.

Modeling and Boundary Conditions
The flow domain is a rectangular enclosure with a heating

element of width H located at the center of the bottom wall
of the cavity. Because of symmetry, only one-half of the do-
main is considered. Hence, the computational domain consists
of a rectangle of width 2.06// and height 0.98// (see Fig. 1).
The heating element is located in the lower right corner and
has a dimensionless length of 0.5. Boundary conditions are
shown on Fig. 1. This computational configuration is identical
to that used in Ref. 12. The temperature dependence of the
physical properties of corn syrup are given by12

JJL = a() exp[0! exp( — 77a2)](°C, poise)
a0 = 0.2412, a, = 12.5867, a2 = 55.7805

k = b0 + b,T(°C, W/mK)
b() = 0.3724, b, = 3.034 x 10~4

cp = c() + c , T + c2r2(°C, J/gK)
c0 = 2.2005, c, - 3.9532 x 10~3, c2 = -6.7883 x 10"6

ey=0 u=v=0 6=1

Fig. 1 Computational domain and boundary conditions.

Table 1 Parameters for the cases simulated

Case
A
C

r«, °c
29.2
5.3

A7\ °C
20.5
51.9

Ra0 x 10-4

6.05
0.28

Pr() x 10~5

2.53
134.39

Mo/M*
9.9

1026.0
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Table 2 Case A, projection estimator

(3)

(5)

Mesh
0
1
2
3
4
5

No. of nodes
161
327
669

1308
2510
5243

No. of elements
68

150
312
619

1203
2542

Error estimate

5.527 x 10- !
3.066 x 10- !
1.445 x 10-'
6.202 x 10 -2

2.579 x 10-2

8.540 x 10-2

Solution norm
2.121
2.231
2.249
2.249
2.252
2.252

Table 3 Case C, local problem

Mesh
0
1
2
3"

No. of nodes
661

1068
2488
5001

No. of elements
304
505

1199
2440

Error estimate
1.849 x 10- !
6.616 x 10~2

2.960 x 10-2

1.410 x 10~2

Solution norm
2.198
2.191
2.197
2.198

''Reduction of the error by a factor of 3.3.

(3)

Fig. 4 Meshes for case C.

a) L
Fig. 2 Meshes for case A.

a)

b)

b) 1_

Fig. 5 Case C: temperature a) contours and b) streamlines.

fu=v=0,

a =0
y *0

corn syrup
copper

plexiglass u=v=0 ' —— ̂ s

„ =0

Fig. 3 Case A: temperature a) contours and b) streamlines. Fig. 6 Boundary conditions for the complete geometry.
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Table 4 Case A, local problem

Mesh
0
1
2
3
4
5
61'

No. of nodes
230
333
540
966

1516
3356
6247

No. of elements
101
156
255
461
733

1645
3072

Error estimate

9.729 x 10- !
4.747 x 10- !
2.026 x 10- '
1.490 x 10-'
6.477 x 10~2

3.019 x 10~2

1.643 x 10-2

Solution norm

2.505
2.573
2.540
2.549
2.547
2.549
2.549

Deduction of the error by a factor of 3.

Table 5 Predicted and measured centerline velocities

Case
A — Measured
A— Reference 12
A — Present
C — Measured
C— Reference 12
C— Present

Plane 1,
y/H, cm/min

0.44
0.42
0.42
0.40
0.39
0.37

V,
1.25
1.38
1.40
1.68
1.92
1.85

Plane 2,
y/H, cm/min

0.69
0.67
0.67
0.65
0.64
0.62

V2

0.73
0.79
0.77
0.88
1.05
0.97

(2)

(4)

Fig. 8 Meshes for case C.

Fig. 7 Meshes for case A.

Simulations were performed for the two extreme cases con-
sidered in Ref. 12. A summary of the operating conditions is
presented in Table 1.
Nondimensionalization

All calculations were performed using the following di-
mensionless variables:

T- Tn

a)

b)

Fig. 9 Case A: temperature a) contours and b) streamlines.
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V/Vj

b)

Fig. 10 Case C: temperature a) contours and b) streamlines.

y/H

0.8

0.6

0.4

0.2

0

o Exp-CaseA
— Num - Case A

° Exp-CaseC
—- Num - Case C

0.2 0.4 0.6
O

0.8

Fig. 11 Predicted and measured temperature profiles on x = 0.

o Exp-Planl
— Num - Plan 1

D Exp-Plan2
Num - Plan 2

0.2 0.3

Fig. 12 Predicted and measured vertical velocity distribution for
case A.

where the subscript 0 indicates that quantities are evaluated
at r(), the cold wall temperature. The Rayleigh and Prandtl
numbers are defined as Ra0 = (g/3A77/3)/(v0a0), Pr0 = v0/
a(). In these expressions v0 = M0/p0 is the kinematic viscosity,
and a{) = fc()/(p()cp()) is the thermal diffusivity.

The resulting nondimensional form of the Navier-Stokes
and energy equations is

\/Ral}/Pr{)u*'Vu* = -Vp* + V-{/(0)[V(w*) + V(w*)r]}

+ \/Ra(]/Pr(}0

\/Ra()/Pr(}h(0)u*-VO = V-[g(0)V0]

Functions f ( 0 ) , y ( 0 ) , and h(8) represent the temperatures
dependence of /^, cp, and k.

Results
The adaptive strategy was set to attempt a reduction of the

error by a factor of 4 at each cycle. The codes were run in a
black-box fashion requiring no user intervention. Tables 2
and 3 show the behavior of the adaptive process observed for
cases A and C of Table 1. As can be seen, the rate of reduction
of the error is much lower than 4. This can be explained by

0.8

0.6

0.4

0.2

0 Exp-Planl
— Num-Plan 1

0 Exp-Plan2
— Num-Plan 2

-Q3 -0.2 -0.1 0 0.1 0.2 0.3
x/H

Fig. 13 Predicted and measured vertical velocity distribution for
case C.

some of the simplifying assumptions of the computational
model. Heat conduction through the thickness of the bottom
wall has been neglected. This results in simple temperature
boundary conditions on the bottom: a Dirichlet condition on
the heating element and a zero Neumann condition on the
rest of the floor (perfect insulation). This results in a singu-
larity in the temperature gradient at the tip of the heating
element, where the two boundary conditions meet. This is a
severe challenge for both the flow solver and the adaptive
procedure. While the singularity reduces the overall perfor-
mance of the adaptive process, both error estimators still
lead to improved solutions. The performance of the projec-
tion error estimator is more sensitive to the singularity. As
can be seen from the tables, it predicts an increase in the
error on the final mesh. This erroneous behavior is due to
the projection of the heat flux that is discontinuous at the
singularity.

The local problem approach is more robust; Table 3 shows
a monotone reduction of the error. Figure 2 shows the initial
quasiuniform mesh used with both error estimators for case
A. The meshes obtained at cycles 1, 3, and 5 are also pre-
sented. Similar results are produced by both methods. Hence,
only one set of plots is presented. As can be seen, the ad-
aptation produces progressive refinement near the singularity,
in the plume, and near the stagnation point on the top wall.
The locations of the heating element and the plume are clearly
seen in the temperature contour plot of Fig. 3a. The stream-
lines of Fig. 3b clearly show the thinning of the boundary
layer due to the decrease of the viscosity over the heating
element.

Figures 4 and 5 present the same results for the more de-
manding case C of Ref. 12, for which the viscosity varies by
more than three orders of magnitude. The flow pattern is
similar, but the effects of the viscosity variation are amplified.
Note that the streamlines are located much farther from the
boundary in most of the domain. The top wall temperature
is much lower than in case A so that the viscosity is much
higher in most of the domain. The net result is that the fluid
is so viscous near the solid walls that there is almost no flow
in these regions. Furthermore, the temperature of the heating
element is also higher for case C than for case A. This results
in a much thinner boundary layer and plume.

Complete Geometry
The description of the apparatus in Ref. 12 indicates that

the assumption of adiabatic lower wall may not be accurate.
Hence, a simulation was performed that incorporates con-
duction in both the copper heating strip and in the thicker
Plexiglas lower wall. This model includes horizontal and ver-
tical conduction of heat in both solids and in the fluid. The
geometry of the domain and boundary conditions are shown
on Fig. 6. The bottom of the copper plate is maintained at a
constant temperature. Note that in this model the heat flux
is not singular at the tip of the heating element. However,
the temperature gradient is still discontinuous because of
the large conductivity differences between copper and Plex-
iglas.
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Adaptation was performed using the local problem error
estimator. The Dirichlet condition at the bottom of the copper
element causes the heat flux to be discontinuous at this lo-
cation, so that the projection technique is not very useful.
Table 4 presents a summary of the adaptation process for
case A.

For the simplified geometry, 6651 nodes were generated
on the fifth mesh, whereas there are only 3356 for the full
geometry. This is in most part due to the elimination of the
singularity at the tip of the heating strip.

Figures 7 and 8 show the sequence of meshes generated by
the adaptive procedure for cases A and C. The effects of
viscosity variations are well reflected in the meshes for case
C: thinner boundary layer and plume, and weaker stagnation
point on the top wall. Figures 9 and 10 present isotherms and
streamlines. While streamlines are similar for both configu-
rations, the isotherms are very different near the bottom of
the cavity. The temperature contours are not perpendicular
to the wall, indicating that the adiabatic assumption was not
accurate.

Figure 11 presents a comparison of predicted and measured
temperature along the vertical centerline of the cavity. The
conduction layer near the top wall is clearly seen. It is thicker
for case C, which presents a larger viscosity contrast. Figures
12 and 13 present the distribution of vertical component of
velocity along horizontal lines passing through the vortex cen-
ter (plane 1), and H/4 above it (plane 2). In both figures the
velocity is normalized by its centerline value on plane 1. While
these profiles are in good agreement with the measurements,
Table 5 shows that the magnitude of the predicted and mea-
sured centerline velocity differ by as much as 14%. The pre-
dictions of Ref. 12 are included in this table and show similar
trends. Chu and Hickox report an uncertainty of no more
than 7% in the measurements, which could explain part of
the discrepancy.

The data in Table 5 and Ref. 12 indicates that this dis-
crepancy increases with viscosity contrast. A possible origin
could be the superexponential fit to the experimental mea-
surement of viscosity, which is quoted to be accurate to 3.5%.
This can result in a large uncertainty in absolute terms given
the extremely large viscosity contrast.

Computational Efficiency
Results presented in the preceding section illustrate the

improved resolution that can be achieved with adaptivity. The
proposed adaptive strategy also results in a cost-effective so-
lution algorithm that is well worth the added complexity.

Table 6 contains computational statistics obtained on an
IBM E/S 9000 with vector facility, for case A, on the reduced
geometry, using the projection estimator. Timings, in sec-
onds, include all aspects of computations (grid generation,
flow solution, error estimation, and interpolation of the so-
lution between grids).

Computation of the error estimate represents typically less
than 10% of the cost of obtaining a solution on a given mesh.
Complete solution of this problem required a total of 735
CPU s. Solving the same problem directly on the final mesh
without using intermediate grids would have required ap-
proximately 1550 CPU s. The computational savings are not
as spectacular as those observed for constant property laminar

Table 6 Computational statistics for adaptation

Cycle
0
1
2
3
4
5

No. of
iterations

10
6
4
4
3
3

Meshing,
s

0.27
1.21
2.00
3.79
8.05

18.93

Solution,
s
4.50
9.82

19.91
63.39
80.50

465.61

Adaptation,
s

0.70
1.50
3.11
6.43

12.15
32.61

flows, (see Ref. 5), due to the strong nonlinearities in the
diffusion terms, but the adaptive strategy still proves cost-
effective.

It should also be noted that without adaptivity it would
have been nearly impossible to generate a grid leading to
comparable accuracy without at least doubling the number of
grid points on the final mesh. In fact, it is very difficult to
achieve a good allocation of grid points without the extra
knowledge gained from the error estimates. Given that Gauss-
ian elimination is used at each Newton iteration, the increase
in computational cost is proportional to the cube of the num-
ber of grid points. It follows that nonadaptive computations
of comparable accuracy would have been far more expensive
than adaptive ones.

Conclusions
An adaptive remeshing finite element procedure has been

presented for solving problems with very large viscosity var-
iations. The proposed adaptive procedure is very robust and
can be used in a nearly black-box fashion with little or no
intervention on the part of the user. Predictions for thermal
convection in an enclosure with localized heating from below
show good agreement with the experiments, and confirm pre-
vious computational observations.
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